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We study graphene nanoribbons and carbon nanotubes with divacancies, i.e., local defects composed of one
octagon and a pair of pentagons. We show that the presence of divacancies leads to the appearance of gap states,
which may act as acceptor or donor states. We explain the origin of those defect-localized states and prove that
they are directly related to the zero-energy states of carbon ring forming the octagonal topological defect.
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1. Introduction
Diﬀerent types of structural defects, like mono- and
multi-vacancies or hexagonal lattice reconstructions, may
strongly inﬂuence and modify the electronic, magnetic
and transport properties of the graphene nanostruc-
tures [14]. They have been experimentally observed in
graphene-based systems [5, 6]. Such defects may nat-
urally appear during the growth process or can be on
purpose created by electron/ion irradiation [7]. Pentagon
and heptagon topological defects can appear at junctions
between carbon tubes during their growth [8]. Octago-
nal defects can occur at T- or Y-junctions as well as at
junctions between tubes of dissimilar radii [911]. It has
been recently reported that octagonal defects may form
linear grain boundaries in graphene, behaving as one-
-dimensional metallic wires [12]. This is because they re-
veal defect-localized ﬂat bands at the Fermi energy (EF),
which in some cases may lead to spontaneous magneti-
zation [1, 2, 13].
We concentrate on isolated octagonal defects, which
most commonly appear at reconstructed divacancies,
where they are accompanied by pairs of pentagons (5-8-5
defect) as shown in Fig. 1a. A direct observation of
such structures using transmission electron microscopy
has been reported in Refs. [14, 15]. Their stability and
role on transport properties in defected graphene have
been also theoretically investigated [6, 16]. So far, most
investigations were mainly focused on gapless systems,
like zigzag nanoribbons and metallic carbon tubes [17].
In this paper we explore their inﬂuence on the elec-
tronic properties of semiconducting graphene nanorib-
bons and carbon nanotubes. We show that such defects
are the source of localized states in the energy gap, act-
ing as acceptor or donor states. Most importantly, we
explain the nature and origin of the gap states localized
at divacancies. We prove that they appear because of
the very speciﬁc energy spectrum of the octagonal car-
bon ring. We investigate also how the energies of the
Fig. 1. An armchair nanoribbon of width N = 10
with a 5-8-5 defect: (a) geometrical structure of the
ribbon with the defect; the dashed rectangle indicates
the region where the LDOS is calculated; (b) LDOS
for diﬀerent values of the hopping parameter between
the octagonal ring and the neighbouring atoms: t0 =
0, 0.1, 0.5, 1 (in units of t).
octagon-localized states depend on the defect orientation
versus the ribbon or tube axis.
2. Model and method
We focus on single divacancies reconstructed into 5-8-5
defects in the semiconducting graphene nanoribbons and
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carbon nanotubes. We choose armchair ribbons, as they
have no edge-localized states that could mix with the
defect-localized state [13]. The width of the investigated
ribbons and the diameter of the nanotubes are chosen to
be rather small, in order to obtain systems with wide en-
ergy gaps. We also perform calculations for superlattices
(SL), where the defect periodically appears in each unit
cell.
We perform calculations within the pi-electron tight
binding (TB) approximation with hopping parameter
t = −2.7 eV. We have checked that changes in t induced
by the defect cause negligible changes in the calculated
energy spectra, in agreement with previous calculations
[1, 8]. For non-periodic systems, like a single defect in
a perfect ribbon, we use the Green function matching
technique [18, 19] to calculate the local density of states
(LDOS). For the superlattices, the TB Hamiltonian is di-
rectly diagonalized, yielding the band structures and the
corresponding wave functions.
To investigate the origin and the nature of localized
gap states, we disconnect the octagonal defect by setting
the hopping parameter t0 between the defect and the
neighbour atoms equal to zero. As the result, a void is
left in the graphene lattice. Next, we gradually reconnect
the octagonal defect, by increasing t0 up to 1 (in t units),
and we analyze the changes in the LDOS.
3. Results
First, we consider an inﬁnite narrow graphene ribbon
with a single 5-8-5 defect, as shown in Fig. 1a. The width
N of the ribbon is deﬁned following Ref. [20] by count-
ing the carbon dimers across it. The N = 10 defect-free
armchair ribbon is a semiconductor with an energy gap
of almost 1 eV. We ﬁrst separate the octagonal ring from
the 5-8-5 defect by setting t0 equal to zero. After dis-
connecting the octagon we get the ribbon with a void
composed of eight nodes, each one having a single dan-
gling bond. The corresponding LDOS, calculated in the
region enclosed by a dashed rectangle in Fig. 1a, is shown
in the ﬁrst part in Fig. 1b. Comparing to the LDOS of
the defect-free ribbon, the gap between energy continua
increases negligibly, but now three peaks appear in it: one
peak at E = 0 and two peaks at E = ±0.208 eV. The
E = 0 state is doubly degenerate and belongs to the dis-
connected octagonal ring. This is due to the fact that an
isolated octagonal carbon-atom ring has two zero energy
states. The states at E = ±0.208 eV are also localized,
their wave functions locate at the edge of the void. This
localization is related to the zigzag shape of the internal
void edge. Both states are mostly situated at the edge
of the void. As there are no odd-numbered carbon rings
mixing the two sublattices, the electronhole symmetry
is preserved [13].
When we gradually reconnect the octagon by increas-
ing the value of t0, the LDOS peaks related to the void-
-localized states spread away and merge the band con-
tinua. This is shown in Fig. 1b. The degenerate E = 0
peak, which originates from the pure octagonal ring,
splits into two. One peak moves away to the negative
bulk continuum, while the second stays close to E = 0.
Finally, for t0 = 1, when the defect is fully connected,
we obtain one gap state with E = −0.036 eV, mostly
localized at the octagon.
To see the exact localization of this state, we con-
sider the superlattice ribbon with a very long unit cell,
each containing the 5-8-5 defect inside. Figure 2a shows
its band structure. There is a dispersionless band with
E = −0.0321 eV in the main energy gap. The corre-
sponding TB wave function (for the wave vector k = 0)
is shown in Fig. 2c. The size of the dot reﬂects the value
of the function on the particular node; empty and ﬁlled
dots denote opposite signs of the function. It is mostly
localized at the defect and decays away from it.
Fig. 2. (a) Band structure of nanoribbon superlattice
(t0 = 1); (b) TB wave functions of the E = 0 states
in the isolated octagonal ring. Dashed grey lines show
the hexagonal atomic structure of the ribbon around
the octagon when it is connected to the lattice. (c) TB
wave function of the superlattice gap state with E =
−0.0321 eV.
Attaching the octagon to the ribbon causes the ap-
pearance of pentagons, with the subsequent sublattice
mixing which breaks electronhole symmetry. Thus, the
octagon-localized state moves slightly away from E = 0.
In the case of SL the Fermi level (EF) is below the energy
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of the gap state (band), which is therefore unoccupied
and acts as deep acceptor state.
To explain the observed diﬀerence in the behavior of
the two E = 0 states of the octagonal ring when it is
attached to the void, let us recall the condition for the
existence of E = 0 states in the tight-binding approx-
imation: the sum of the wave function coeﬃcients on
the neighbouring nodes has to be equal to zero for every
node in the system [13, 20]. The two E = 0 states of
the isolated octagonal ring are shown in Fig. 2b∗. When
the octagon is connected to the void, two pentagons are
created. The state that has the same sign of the func-
tion on the two nodes shared between the pentagon and
the octagon, fulﬁlls this condition approximately. For
a very wide ribbon this condition would be almost per-
fectly satisﬁed. The condition for the second state, i.e.,
the one with diﬀerent signs of function on the shared
nodes, is strongly disturbed by the pentagons. There-
fore, the zero-sum condition cannot be fulﬁlled and the
second state moves away from E = 0.
We have also performed calculations for wider ribbons,
with similar results. Wider ribbons have narrower energy
gaps, but one defect-localized state always appears in the
middle of the gap, i.e., close to E = 0. Furthermore,
we have investigated symmetric ribbons, i.e., those with
a mirror plane along the ribbon. In such a case, the
octagon-localized gap state has an energy closer to the
valence band edge and plays the role of shallow acceptor.
3.1. Divacancies in carbon nanotubes
Here we present the results of calculations performed
for the zigzag nanotube (5, 0), formed by rolling up an
N = 10 armchair nanoribbon. The defect-free nanotube
is a semiconductor with a wide energy gap of ≈ 2 eV.
When a single 5-8-5 defect is introduced, two localized
states appear in the energy gap.
Fig. 3. LDOS of the (5, 0) zigzag nanotube (a rolled-
-up N = 10 armchair ribbon) with the 5-8-5 defect. The
Fermi level is between the gap states.
The calculated LDOS is shown in Fig. 3. One of these
discrete energy levels appears close to the middle of the
gap, at E = 0.261 eV, and the second one closer to the
∗These are two possible realizations of the zero-energy-state
wavefunctions of an isolated octagonal carbon ring
bulk continuum at E = −0.872 eV. Both of them orig-
inate from the E = 0 states of the isolated octagonal
ring; both are localized at the defect, although the up-
per energy state is mostly located at the defect, while the
lower one spreads far away from it. Thus, contrary to the
previous cases, now the second peak does not reach the
continuum, since the energy gap is twice wider than the
N = 10 ribbon case. The Fermi level is between the two
gap states. Therefore, they play the role of an occupied
acceptor state (the lower one) and an unoccupied donor
state (the upper one).
3.2. Orientation dependence
In this subsection we check how the energies of the gap
states depend on the orientation of the defect. We rotate
the whole 5-8-5 defect by an angle of pi3 . A schematic
picture of a ribbon with the rotated defect is shown in
Fig. 4a. The LDOS shown in Fig. 4b presents two gap
states: one at E = 0.182 eV and another one close to the
valence band continuum, at E = −0.399 eV. Both origi-
nate from the octagon. The ﬁrst state is mostly localized
at the defect, while the second one spreads far away from
it. The Fermi level is between these two peaks. The char-
acter of these gap states is the same as in the case of a
non-rotated divacancy in a carbon nanotube (see previ-
ous subsection).
Fig. 4. (a) Geometry and (b) LDOS of the N = 10
armchair nanoribbon with an 5-8-5 defect rotated by pi
3
.
The Fermi level is between the gap states.
3.3. Two defects
Finally, we consider a ribbon with two 5-8-5 defects,
but one of them rotated by pi3 . Its geometry is shown
in Fig. 5a. The LDOS, presented in Fig. 5b, shows three
peaks in the primary energy gap: at E = −0.376 eV, E =
−0.14 eV and E = 0.3 eV. All of them originate from the
E = 0 states of both octagons. The energies of the two
upper states are close to the energies of the gap states of
ribbons with single defects, i.e., the unrotated defect case
(E = −0.036 eV) and the rotated one (E = 0.182 eV). If
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we increase the distance between defects, their energies
get closer to the typical values for single-defect systems,
shown in Figs. 1 and 4.
Fig. 5. (a) Schematic atomic structure and (b) LDOS
of an N = 10 armchair nanoribbon with two 5-8-5 de-
fects, one of them rotated by pi
3
.
4. Conclusions
We have investigated the inﬂuence of divacancies on
the energy spectra of semiconducting graphene nanorib-
bons and carbon nanotubes. We have shown that such
defects are the source of gap-localized states, which may
act as deep or shallow acceptor states or as unoccupied
donor states, depending on their energy. We have found
that the appearance of divacancy-localized gap states is
directly related to the energy spectrum of the separated
octagonal carbon ring. Such ring, cut out from the sys-
tem, has a doubly degenerate zero-energy level. When
the octagonal ring is attached to the graphene lattice,
only one of these pair of states can approximately fulﬁll
the condition necessary to the existence of midgap E = 0
states. This midgap state is the one which remains as a
characteristic divacancy-localized state when the octagon
is attached to the lattice forming the 5-8-5 defect. This
is in agreement with our previous ﬁnding concerning the
zero-energy state localization at octagons which occurs
in strongly curved graphene structures [11].
Divacancy defects can be intentionally created in
graphene structures. Therefore, the knowledge on the
conditions under which they can play a role of acceptor
or donor impurities may be useful for future nanoelec-
tronic devices based on graphene.
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